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Abstract: We find hydrodynamic behavior in large simply spinning five-dimensional
Anti-de Sitter black holes. These are dual to spinning quantum fluids through the AdS/CFT
correspondence constructed from string theory. Due to the spatial anisotropy introduced
by the angular momentum in the system, hydrodynamic transport coefficients split into
one group longitudinal and another transverse to the angular momentum. Analytic ex-
pressions are provided for the two shear viscosities, the longitudinal momentum diffusion
coefficient, two speeds of sound, and two sound attenuation coefficients. Known relations
between these coefficients are generalized to include dependence on angular momentum.
The shear viscosity to entropy density ratio varies between zero and 1/(4pi) depending on
the direction of the shear. These results can be applied to heavy ion collisions, in which the
most vortical fluid was reported recently. In passing, we show that large simply spinning
five-dimensional Myers-Perry black holes are perturbatively stable for all angular momenta
below extremality.
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1 Introduction
In this work, we consider spinning black holes in five-dimensional spacetime which is asymp-
totic to Anti-de Sitter space (AdS). We describe in which way this gravitational setup is
holographically dual [1] to a spinning quantum fluid with nonzero vorticity and angular
momentum. On one hand, this reveals new properties of simply spinning Myers-Perry black
holes in AdS5 [2]. On the other hand, lessons are learned for the general hydrodynamic
description of spinning quantum fluids.
Such a hydrodynamic description is relevant for the understanding of systems such as
the quark gluon plasma (QGP) generated in heavy ion collisions. It was recently reported
to be the most vortical fluid created in any experiment [3], and is believed to possess a large
angular momentum for non-central collisions. This motivates including spins, spin-orbit
coupling, and spin currents in the hydrodynamic description of rotating/vortical fluids; this
has been studied in a large number of publications for which we refer to the overview [4] and
to [5, 6]. Before taking on that task, we here work out the effects of rotation and angular
momentum on hydrodynamics, in particular on the transport coefficients measured in a
rotating quantum fluid. In turn, our analysis provides the corresponding results for the
quasinormal modes (QNMs) and the transport effects associated with spinning black holes.
Rotation and angular momentum non-trivially affect the gravitational solutions, i.e. the
metric receives off-diagonal components, and besides the mass now depends on another la-
bel, the angular momentum. Like their non-rotating counterparts, rotating black holes
show thermodynamic behavior when for example a Hawking temperature T , entropy den-
sity s, and internal energy density  are defined. These definitions, however, depend on
the angular momentum now, and thermodynamic relations are modified to include angular
momentum and angular velocity [7–9]. There are now two pressures, one transverse to the
angular momentum, P⊥, one longitudinal to it, P||. Furthermore, the angular velocity Ω
acts as a chemical potential for the angular momentum density j. Hence, relations such as
 + P = s T , need to be extended by a term Ω j, and modified. Similarly, perturbations,
quasinormal modes (QNMs), in particular the hydrodynamic QNMs, are affected as well.
Holographically dual to that, the thermodynamics and hydrodynamics of a spinning quan-
tum fluid are affected in a seemingly complicated way, giving the transport coefficients
a dependence on the angular momentum of the fluid. Angular momentum introduces an
anisotropy, which requires an anisotropic version of hydrodynamics, for examples see [10–
17]. Similar to the two pressures, P⊥ and P||, there are now two sets of transport coefficients,
those transverse and those longitudinal to the anisotropy. Notably, we have two shear vis-
cosities, η⊥ and η||, two diffusion coefficients, D⊥ and D||, two modified speeds of sound
vs,± and two sound attenuation coefficients Γ±.
In this work, we provide a simple understanding of, and analytic equations for the effect
of rotation on the hydrodynamic quasinormal modes of spinning black holes. Furthermore,
we provide a simple understanding of, and analytic equations for the transport coefficients
in the holographically dual spinning quantum fluid.
Our results show by explicit computation that a spinning black hole or a spinning
quantum fluid can both be thought of as a fluid at rest which has been boosted into a
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rotational motion [18, 19]. In the hydrodynamic regime, we provide analytic expressions
for the hydrodynamic transport coefficients as a function of the angular momentum of
the black hole / fluid. We find that the hydrodynamic regime in these rotating setups is
reached for perturbations with small angular momentum (equivalent to the small linear
momentum limit of linear fluid motion), and, as usual, at late time (for small frequency).
The equations summarizing our results are collected in the discussion Sec. 5, see Eqs. (5.1)
to (5.10).
It should be stressed that the effects of rotation on measurements are not at all trivial,
despite the fact that we can understand them easily. As a prominent example, consider
the specific shear viscosities we have computed for a spinning quantum fluid
η⊥
s
=
1
4pi
, (1.1)
η||
s
=
1
4pi
(1− a2) , −1 < a < 1 , (1.2)
with the (dimensionless and normalized) angular momentum a; see Fig. 1. Depending on
the angle, θ, between the spatial direction of the measurement and the angular momentum,
one will measure either Eq. (1.1), or Eq. (1.2), or a combination of the two which can be
parametrized by the angle θ [18, 19]. For hydrodynamic simulations of heavy ion collisions
(such as [20, 21]) this implies that different values of the specific shear viscosity have to
be used, depending on the spatial direction in the QGP. It is still widely believed that at
large ’t Hooft coupling in all field theories with a gravity dual the shear viscosity has to
take the value 1/(4pi). This is not true1 as discussed in Sec. 4.
On the gravity side, we compute all of the lowest quasinormal modes of large simply
spinning five-dimensional Myers-Perry black holes as a function of the angular momentum
of the black hole a and the angular momentum carried by the perturbation. We show
that these black holes in the strict large horizon limit are perturbatively stable for all
angular momenta below extremality, −L < a < L = 1 with the radius L of the AdS5 set
to unity by rescaling as usual. We have not considered perturbations of the S5 part of the
ten-dimensional product space on which the Einstein-Hilbert gravity lives.
Holography was used to show that large rotating black holes in global D-dimensional
AdS spacetimes are dual to stationary solutions of the relativistic Navier-Stokes equations
on SD−2 [27]. These stationary / thermodynamic results [27] motivate an analysis of the
hydrodynamic behavior of large black holes. Rotating black holes have been considered in
the context of the AdS/CFT correspondence before, pioneered by [7, 8]. QNM frequencies
of rotating charged AdS4 black strings were computed, and the hydrodynamic modes of
the dual two-dimensional field theory were discussed [28–30]. Apart from the spacetime
dimension, this setup differs from ours in that its symmetry is cylindrical, whereas ours is
spherical. Stability has been tested, see e.g. [31–37, 37, 38, 38–43]. Rotating black holes
1 Counter examples are provided in holographic setups involving distinct ways of breaking rotational
invariance (explicitly by a magnetic field, by extra matter content, or spontaneously by a condensate) and
hence inducing a spatial anisotropy [13, 17, 22, 23]. In the latter setups, just like in ours, η||/s need not be
1/(4pi). See a detailed discussion of this point in Sec. 4. Of course, there are well known finite N and finite
’t Hooft coupling corrections violating the bound [24–26].
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Figure 1: Ratio of shear viscosities and entropy density in a spinning black hole. η||/s
and η⊥/s are both shown as function of the rotation parameter a. The corresponding shear
viscosity ratios for the spinning planar limit black brane are coincident with those shown.
have been proposed as holographic duals of the rotating QGP in [44–47]. While relevant
phenomenological aspects are discussed, these references do not consider perturbations,
QNMs, or discuss the hydrodynamic behavior of the rotating black holes. Certain aspects
of (conformal) fluids dual to rotating black holes distinct from our analysis have been
considered [14, 48–51]. An analytic solution was found for a holographic heavy ion collision
including longitudinal as well as elliptic flow, and vorticity [52]. In the context of the
fluid/gravity correspondence, a uniformly rotating incompressible fluid [53], the Coriolis
effect [54], and the diffusion constant of slowly rotating black three-branes [55] were studied.
Taking the Wilsonian approach to a fluid/gravity correspondence [56], rotating black holes
have been considered in [57].
2 Rotating black holes and planar limit black branes
Einstein gravity holographically corresponds to N = 4 Super-Yang-Mills (SYM) theory,
derived in a top-down construction from string theory [1]. Without destroying this cor-
respondence, the SYM theory can be defined on a compact spacetime S3 × R. There are
several advantages to such a formulation, for example the deconfinement transition corre-
sponding to the Hawking-Page transition [58] can be studied, see e.g. [59]. In this work,
we consider spinning black holes, more precisely, five-dimensional Myers-Perry black holes.
These have been found as vacuum solutions within Einstein gravity [2]; these solutions are
written such that the boundary is compact, and the dual SYM lives on S3 × R. Since we
are interested in a dual to a spinning fluid in flat space, R3,1, we consider large black holes.
This also allows us a large temperature hydrodynamic limit later. We consider three cases:
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(i) Large black holes with a large horizon value r+  L compared to the AdS-radius
L. There is no limit or rescaling. The dual field theory lives on a small patch
covering part of a compact spacetime S3 × R. QNM frequencies, ω, result from
a Fourier transformation of the time direction. They are reported as functions of
the discrete angular momentum parameter J (defined below) of the relevant metric
perturbation. Through a rescaling of parameters and coordinates it was shown that
in this case QNM frequencies of the non-rotating global AdS are asymptotic to planar
black brane QNM frequencies [43].
(ii) Large black holes with the strict limit r+ →∞ performed in the fluctuation equations
which determine the QNMs (after deriving them). There is no limit performed on
the Myers-Perry black hole metric, i.e. the geometry is that of a spinning black hole,
not that of a black brane. The dual field theory lives on a small patch covering
part of a compact spacetime S3 × R. This case involves a rescaling of the frequency
ω → α2νr+/L and angular momentum of the fluctuation J → αjr+/L, as well as
the black hole horizon radius r+ → αr+, as α → ∞ and leading order terms in α
are kept in the fluctuation equations. QNM frequencies are reported in terms of the
dimensionless frequency ν, which is a function of the now continuous dimensionless
angular momentum parameter j.
(iii) Planar limit black brane as a limit of the black hole. The limit r+ →∞ is performed
in the black hole metric turning it into the metric of a boosted black brane, as we
will show below. The dual field theory lives in flat spacetime R3,1. The fluctuation
equations are derived within that flat black brane metric. QNMs are reported in
terms of the frequency ω and the linear momentum k, which follow from a Fourier
transformation of the time and the spatial coordinate, z, which is aligned with the
angular momentum. This case serves to distinguish our results from those found in
a black brane which was boosted along the z-direction.2
The remainder of this section is rather technical. Its statement summarized is: on the
background of simply spinning Myers-Perry AdS5 black holes there exist three sectors of
perturbations (tensor, vector, scalar), which decouple from each other when represented
in terms of Wigner-D functions, DJKM(θ, φ, ψ), and taking the limit of large black holes.
If the reader is not worried by this statement, it is safe to continue to Sec. 3. If worried,
however, formal justification for this statement and details are provided in this section and
in the appendix.
2.1 Background metric and thermodynamics
We investigate the consequences of rotation on the gravity side for the dual field theory.
Hence, we are interested in higher dimensional (D > 4) rotating black holes, which are
2Case (ii) is different from case (iii) in that it preserves the S3 × R structure whilst case (iii) is an
approximation of the large black hole at large horizon radius with a black brane which has the structure
R3,1 at its boundary. The quasinormal modes found in case (ii) are all stable, those in case (iii) become
unstable at large angular momentum below extremality, hinting that case (iii) may have maladies in its
method.
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asymptotic to AdSD. These black holes are referred to as Myers-Perry black holes in
AdSD (MPAdS). Since we have applications to the quark-gluon plasma in mind, we are
analyzing the five-dimensional case (5DMPAdS), first studied in [7], and expanded to higher
dimensions by [9, 60].
The boundary of these black holes is global AdS5, which means that the spatial co-
ordinates on the AdS-boundary live on a three-sphere, and the topology of the dual field
theory is R1 × S3. Also the spatial coordinates on the horizon live on a three-sphere. In
order to relate to fluids in flat spacetime with topology R3,1, we provide two limits. First
we find the black brane (black hole with planar horizon), which results from a particular
limit. First, we discuss the limit of large black holes, i.e. black holes with a larger horizon
radius, r+  L, compared to the AdS-radius, L.
On the three-sphere, two independent angular momentum operators are necessary to
generate all possible rotations, see e.g. [7]. We label the associated angular momentum
parameters {a, b}. We will focus on the case where a = b. This case is referred to as the
simply spinning 5DMPAdS.
Simply spinning (a = b) 5DMPAdS is a simplification of five-dimensional “AdS-Kerr”
where in this configuration the spacetime enjoys cohomogeneity-1. 3 In coordinates intro-
duced by [31, 32] we write the 5DMPAdS metric as
ds2 = −
(
1 +
r2
L2
)
dt2 +
dr2
G(r)
+
r2
4
(
(σ1)2 + (σ2)2 + (σ3)2
)
+
2µ
r2
(
dt+
a
2
σ3
)2
, (2.1)
where the blackening factor is given by
G(r) = 1 +
r2
L2
− 2µ(1− a
2/L2)
r2
+
2µa2
r4
, µ =
r4+
(
L2 + r2+
)
2L2r2+ − 2a2
(
L2 + r2+
) , (2.2)
and the spatial part of the metric is expressed in terms of three one-forms
σ1 = − sinψdθ + cosψ sin θdφ ,
σ2 = cosψdθ + sinψ sin θdφ ,
σ3 = dψ + cos θdφ ,
(2.3)
with three angles θ, ψ, φ, which parametrize the three-sphere. The range of each coordinate
is given by
−∞ < t <∞, 0 < r <∞, 0 6 θ < pi, 0 6 φ < 2pi, 0 6 ψ < 4pi . (2.4)
The outer horizon radius, r+, is defined as the radius at which the blackening factor,
G(r+) = 0, vanishes. The angular velocity of the outer horizon, Ω, is defined as the “ψ/2”
component such that χ2 = 0
∣∣
r=r+
where χ = ∂t − Ω ∂ψ/2 and Ω = a(L
2+r2+)
L2 r2+
.
In order to use the results of [31, 32] for our fluctuation decomposition below, we
express the metric (2.1) in a more tractable form by using the orthonormal frame, σ± =
1
2
(
σ1 ∓ iσ2). The dual basis as (e± = e1 ± ie2). The metric (2.1) then takes the form.
ds2 =−
(
1 +
r2
L2
)
dt2 +
dr2
G(r)
+
r2
4
(
4σ+σ− + (σ3)2
)
+
2µ
r2
(
dt+
a
2
σ3
)2
. (2.5)
3Cohomogeneity-1 is the property that the metric depends non-trivially only on one coordinate.
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Note that according to [32], these simply spinning (a = b) five-dimensional Myers-Perry
black holes have two instabilities. At large enough angular momentum, a > L, the metric
perturbations of the AdS5 spacetime grow exponentially and lead to the superradiant
instability. This instability is not present in the regime we will consider and we refer to the
case |a| = L as the extremal case or extremality.4 A different instability was found [32] at
small horizon radius r+  L or smaller. This is a Gregory-Laflamme (GL) instability in
the product space AdS5 × S5; this instability is not yet confirmed for the singly spinning
case (a 6= 0, b = 0), or in the case of two distinct nonzero angular momenta a 6= b. This GL
instability is not within the range of parameters which we consider. In our case, the black
holes are large r+  L and considered in the large black hole phase as discussed in [32].
Below, we compute all metric perturbations and confirm that in the regime r+  L the
five-dimensional (rotating) Myers-Perry black hole is perturbatively stable.
2.1.1 Symmetry
The symmetry group of simply spinning 5DMPAdS is Rt×SU(2)×U(1) ∼= Rt×U(2) [32].
This symmetry group is generated by five Killing vector fields. For the SU(2) part the
Killing vector fields are
ξx = cosφ∂θ +
sinφ
sin θ
∂ψ − cot θ sinφ∂φ ,
ξy = − sinφ∂θ + cosφ
sin θ
∂ψ − cot θ cosφ∂φ ,
ξz = ∂φ .
(2.6)
The U(1) part is generated by e3 = ∂ψ where ea are the frame vectors of the “123” frame,
uniquely defined by σaeb = δ
a
b . The Rt part is generated by the usual ∂t. We may construct
an algebra with the operators, Wa = iea and Lα = iξα.
5 The Lie brackets are
[Lα, Lβ] = iαβγLγ , [Wa,Wb] = −iabcWc , [Wa, Lα] = 0 . (2.7)
For the compatible operators, L2, Lz, W3, their eigenfunctions are the Wigner-D func-
tions, DJKM(θ, φ, ψ) [61–63]. We have the following eigenvalue equations:
W 2DJKM = L
2DJKM = J (J + 1)DJKM, LzDJKM =MDJKM, W3DJKM = KDJKM .
(2.8)
The Wigner-D functions form a complete set on S3, so we may write any function as a linear
combination of Wigner-D Functions. For the purpose of perturbation decomposition, it was
found that perturbations of different K values decoupled from each other thus making first
order perturbation analysis tractable [31, 33, 64, 65].
2.1.2 Thermodynamics
Thermodynamic relations have been worked out and checked regarding their consistency
previously [7–9]. As usual, the entropy density, s, is proportional to the ratio of the area
4In the strict large black hole limit, case (ii), Ω = a/L2, and extremality occurs at |Ω|L = 1.
5α, β, ... = x, y, z and a, b, . . . = 1, 2, 3.
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of the black hole, Abh, and the spatial volume of the boundary metric, Vbdy [66, 67]
s =
Abh/(4G5)
Vbdy
=
pi2Lr4+
2G5
√
1
L2r2+−a2(L2+r2+)
2pi2L3
=
r4+
4G5L2
√
L2r2+ − a2
(
L2 + r2+
) . (2.9)
This is in agreement with [68]. The temperature is given by
T =
L2r2+
(
L2 + 2r2+
)− 2a2 (L2 + r2+)2
2pi
√
L8r6+ − a2L6r4+
(
L2 + r2+
) . (2.10)
According to the Ashktetar-Das Method [69], the boundary stress energy tensor is
given by
Tabσ
aσb =
µ
32piG5L4
(4
(
a2 + 3L2
)
dt2 + L2
(
L2 − a2) (σ1)2 + L2 (L2 − a2) (σ2)2+
L2
(
3a2 + L2
)
(σ3)2 + 16aL2dtσ3) .
(2.11)
The angular momentum, angular velocity, energy density, pressure of the simply spin-
ning black hole are given by
j =
aµ
2piL2G5
, (2.12)
Ω =
a
(
L2 + r2+
)
L2 r2+
, (2.13)
 =
µ(a2 + 3L2)
8piG5L4
, (2.14)
P⊥ =
µ(L2 − a2)
8piG5L4
, (2.15)
P|| =
µ(3a2 + L2)
8piG5L4
, (2.16)
µ =
r4+
(
L2 + r2+
)
2L2r2+ − 2a2
(
L2 + r2+
) . (2.17)
In the formulation of [9], thermodynamic consistency of the rotating black hole thermody-
namic quantities has been shown to satify
− TI5 = s T + 2 jΩ , (2.18)
where Φ = −TI5 is the thermodynamic potential relevant in this ensemble, and I5 is the
Euclidean gravitational action.
Taking the large temperature limit, these thermodynamic quantities asymptote to
– 8 –
s ∼ r
3
+
4G5L2
√
L2 − a2 , (2.19)
j ∼ aµ
2piL2G5
, (2.20)
Ω ∼ a
L2
, (2.21)
 ∼ µ(a
2 + 3L2)
8piG5L4
, (2.22)
P⊥ ∼ µ(L
2 − a2)
8piG5L4
, (2.23)
P|| ∼
µ(3a2 + L2)
8piG5L4
, (2.24)
µ ∼ r
4
+
2(L2 − a2) , (2.25)
T ∼
√
L2 − a2 r+
piL3
. (2.26)
2.1.3 Planar limit
In this section, we perform a large horizon limit, i.e. a large temperature limit, on the black
hole metric (2.1). We stress that most of our results are not obtained in this limit, but in
the other cases (i) and (ii). The planar limit leading to case (iii), which we are about to
discuss in this subsection, is merely used for comparison to the literature and as a more
familiar setup6.
This limit we refer to as a planar limit because it “zooms in” on a Poincare patch cov-
ering a small part of the large black hole. This turns the three compact spatial coordinates
(θ, ψ, φ) on the S3 into non-compact coordinates (x, y, z)∈ [−∞,∞]. In other words, this
turns global AdS into Poincare patch AdS. This is case (iii), which was introduced above
as the planar limit black brane. Note that this large black hole limit on the level of the
metric is different from the large black hole limit performed on the level of the equations
of motion (similar to [43]). The latter limit would lead to case (ii).
The motivation for this limit is twofold. First, we intend to move to a regime of large
temperature in order to have a dual field theory on a non-compact spacetime, because this is
more relevant for applications to heavy ion collisions or condensed matter systems. Second,
we know that at large temperature, a Schwarzschild black brane will show hydrodynamic
behavior if the gradients are small, providing a setup for comparison which is well-studied
at a = 0. For the simply spinning case, a large temperature limit is admitted if |a| < L.
A large horizon radius, r+ corresponds to a large temperature. Naively one would think
of only scaling r and r+ to achieve a large temperature black hole but in order to have a
well defined scaling limit one must also scale the non-radial coordinates, naturally leading
to a black brane.
The coordinate transformation and subsequent coordinate and parameter scaling are
collected in the appendix (D.1) and (D.2). This leads to a Schwarzschild black brane metric
6More familiar at least to us.
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depending on the angular momentum parameter a. However, we find that this brane metric
is just a Schwarzschild black brane that has been boosted about the τ -z plane with boost
parameter a,
ds2 =
r2
L2
(
−dτ2 + dx2 + dy2 + dz2 + r
4
+
r4 (1− a2/L2)
(
dτ +
a
L
dz
)2)
+
L2r2
r4 − r4+
dr2 .
(2.27)
Thermodynamic values are given by
s =
r3+
4G5L2
√
L2 − a2 , T =
r+
√
L2 − a2
piL3
. (2.28)
The Schwarzschild black brane metric is recovered by the boost (D.4). So, we expect all
transport coefficients of this boosted black brane to assume the expected values at a = 0.
Indeed, this is the case for the shear viscosities and the longitudinal momentum diffusion
constant. At nonzero a, we report these three transport coefficients as a function of the
boost parameter a.
2.2 Tensor, vector, scalar perturbations
Consider the perturbed metric
gpµνdx
µdxν = (gµν +  hµν +O(
2))dxµdxν , (2.29)
where g is the spinning black hole metric, which satisfies the Einstein equations (at order
0). The perturbation, hµν , now is required to satisfy the Einstein equations resulting at
order 1, namely
R˙µν =
2Λ
D − 2hµν , (2.30)
with the cosmological constant Λ and
R˙µν = −1
2
∇µ∇νh− 1
2
∇λ∇λhµν +∇λ∇(µhν)λ ,
where h = h µµ = hνµg
µν . The diffeomorphism-covariant derivatives are defined with
respect to the background metric.
In [31, 32] it was found that metric perturbations on singly spinning 5DMPAdS can
be decomposed and grouped into sectors which decouple from each other in a well-defined
way.7 We have verified this by explicit computation of the equations of motions.
The mode h++ decouples from all other perturbations when restricting the set of
perturbations such that K = J + 2. We will refer to it as the tensor mode, and to this
sector of perturbations as tensor sector. Reading off the perturbations from Eq. (C.2)
hTµν ≡ e−iωtr2h++(r)σ+µ σ+ν DJJM . (2.31)
Note that there is another mode, h−−, which also decouples from all other perturbations.
It is the complex conjugate of h++. So, h++ satisfies a single decoupled EOM, similar to
7 One can construct perturbations of different angular momentum eigenvalues which decouple from each
other [31, 32].
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the perturbation hxy around a black brane (and its complex conjugate), which transforms
as a tensor under O(2)-rotations around the momentum kz, see e.g. [70].
Plugging Eq. (2.31) into Eq. (2.30), we obtain the equation of motion for h++
0 =h′′++(r) +
(
L2
(
3r4 − 2µ (a2 + r2))+ 2a2µr2 + 5r6)
L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7 h
′
++(r)+
L2r2
(−4(J + 2) ((J + 1)r4 (L2 + r2)− 2µ (a2 (L2 + r2)+ (J + 1)L2r2))+ L2r2ω2 (2a2µ+ r4)− 8a(J + 2)µL2r2ω)
(L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6)2 h++(r) ,
(2.32)
We refer to the perturbation sector defined by K = J + 1 as the vector sector, and
to the modes associated with h3+, ht+, h++ as vector modes. As shown in [31–33], these
decouple in this sector from all other perturbations when radial gauge is chosen, i.e. hrr =
hr± = htr = h3r = 0. We have verified this by explicit computation. In this sector, the
decomposition in Eq. (C.2) yields
hVµν ≡ e−iωtr2
(
h++(r)σ
+
µ σ
+
ν D
J
(J−1)M + 2
(
h+r(r)σ
+
(µσ
r
ν) + h+t(r)σ
+
(µσ
t
ν) + h+3(r)σ
+
(µσ
3
ν)
)
DJJM
)
.
(2.33)
Plugging the perturbations (2.33) into the perturbation equations (2.30), yields the coupled
set of equations of motion for (h+t,h+3,h++), which is reported in the appendix due to
excessive length, see Eq. (C.5). We have further found that h++ decouples from this sector
in the limits of large black holes referred to as cases (ii) and (iii) in Sec. 2. There are
complex conjugate fluctuations h−t, h−3, which satisfy an identical set of equations. This
gives a hint that these fluctuations may be similar to the black brane fluctuations which
transform like vectors under O(2)-rotations around the momentum k, see e.g. [70], hτx, hzx,
which satisfy the same eoms as hxz, hyz, . We refer to the perturbation sector defined by
K = J as sound sector, and the modes associated with it are referred to as scalar modes.
In this sector, the decomposition in Eq. (C.2) yields
hSµν ≡ e−iωtr2
(
h++(r)σ
+
µ σ
+
ν D
J
(J−2)M + 2
(
h+r(r)σ
+
(µσ
r
ν) + h+t(r)σ
+
(µσ
t
ν) + h+3(r)σ
+
(µσ
3
ν)
)
DJ(J−1)M
)
+
2
h+−(r)σ+(µσ−ν) + ∑
i,j∈{t,3,r}
hij(r)σ
i
(µσ
j
ν)
DJJM .
(2.34)
Plugging the perturbations (2.34) into the perturbation equations (2.30), yields a coupled
set of equations of motion, which is not reported in this work due to excessive length.
Perturbations of the planar limit black brane, case (iii), are discussed in appendix D.
3 Results I: Hydrodynamic behavior in quasinormal modes (QNMs)
In this section we present and carefully analyze the QNMs in the three different perturba-
tion sectors, i.e. the tensor, momentum diffusion (vector), and sound propagation (scalar)
sectors. As indicated by suggestive naming of the sectors, we discover hydrodynamic be-
havior in two of these sectors. We begin with numerical results and then derive analytic
results, which will be used as cross-check for the numerics.
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3.1 QNMs of simply spinning black hole
3.1.1 Tensor sector
As mentioned before, the fluctuation h++ decouples from all others for the choice K =
J + 2, hence we refer to it as tensor fluctuation. We choose this name in analogy to
the tensor fluctuation on a black brane [70], e.g. hxy, which transforms as a tensor under
SO(2)-rotations in the plane perpendicular to the momentum, e.g. in z-direction with
hxy(τ, z) ∝ e−iωτ+ikz. Our results show that indeed h++ displays properties which are
similar to hxy.
The lowest tensor QNMs are displayed in Fig. 2 for a large value of the black hole hori-
zon r+ = 100 in units of the AdS radius L ; this is case (i) introduced in Sec. 2. First, con-
sider the nonrotating case, a = 0, indicated by the red dots. When the Wigner-parameter
J vanishes, the red stars align along two diagonals symmetric about the imaginary axis.
We have checked, that this is also the case for the higher QNMs not displayed here. As we
increase J from 0 (star) to 100 (cross), the QNMs all move symmetrically away from the
imaginary axis and up. Note, that this behavior closely resembles the behavior of tensor
QNMs of black branes, when displayed as function of momentum, see [71].
Now we increase the angular momentum parameter to 50% of its extremal value,
a/L = 0.5, shown in green on Fig. 2. Looking first at the stars, J = 0, we note the
symmetry of the QNMs about the imaginary axis persists, as the lowest two QNMs are
located approximately at (±3.75, −3.40). However, when increasing J > 0, an asymmetry
about the imaginary axis becomes apparent. In the rotating case, QNMs of increasing
angular momentum parameter J become increasingly asymmetric. This trend is confirmed
by the blue data obtained at 90% of the extremal angular momentum parameter. This
happens since the angular momentum of the fluid / black hole breaks parity and separates
modes into those which are rotating with and those rotating against the black hole / fluid.
Interestingly, at increasing a, and at J = 0, there is a set of purely imaginary modes
moving up the imaginary axis towards the origin. This closely resembles the behavior of
tensor modes on a (charged) Reissner-Nordstro¨m black brane when increasing the charge
from zero towards extremality [71]. At nonzero J , however, we observe an asymmetry
again, i.e. these h++ QNMs acquire a positive real part, being pushed to the right, away
from the imaginary axis.
In [43] it was shown through a rescaling of parameters in the equations of motion
that the QNMs of large black holes in global AdS are identical to the QNMs on the AdS
Schwarzschild black brane. Motivated by this, in order to examine only the QNMs of large
black holes, i.e. at large temperature, we scale the frequency ω, the Wigner-parameter J
and the black hole radius r+ as α is taken to ∞ [43]:
ω → α
(r+
L
)
(2ν) ,
J → α
(r+
L
)
j , α→∞
r+ → α r+ ,
(3.1)
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Figure 2: Tensor sector QNMs. The h++ QNMs at K = J + 2 for r+ = 100 at
J = 0, 5, 10, 20, . . . , 100, where the star indicates the value at J = 0, the circled cross
indicates J = 100. This is case (i).
and all other coordinates are not scaled. This leads us to case case (ii). Similar to [43] we
argue that J and ω must scale like α, while t and r scale like 1/α, so that DJKM(θ, φ, ψ)
and e−iωt do not scale. Finally, take the limit α→∞, and keep the leading non-vanishing
term in the perturbation equations of motion.
Now, j can be considered continuous (whereas J remains discrete). This can be seen
taking the difference of two consecutive values of j before taking the limit: ∆j = jn+1−jn ∝
(Jn+1 − Jn)/α. For α → ∞, ∆j → 0. This leaves us with large black hole perturbation
equations of motion around black holes, i.e. in case (ii) discussed in Sec. 2. In this case, we
now compute the h++ QNMs at a = 0 as a function of j. Comparing with the hxy QNMs
of the planar black brane as a function of the momentum k, we find excellent agreement
within numerical accuracy. For a complementary view, these QNMs are shown in the
complex frequency plane in Fig. 15
In order to further test the role of the angular momentum parameter j of the pertur-
bations, we consider the QNMs from small to very large values of j. Under the assumption
that j is equivalent to the linear spatial momentum k for the behavior of QNMs, j → ∞
is called the eikonal limit, for which a general analytic expectation for the behavior of
QNM frequencies was derived [72, 73].8 The result is shown in Fig. 5. Under the as-
8Details of this method can also be found in [74], where we applied it to QNMs of Horˇava gravity.
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Figure 3: Tensor sector dispersion relations. Displayed are the real (lower plots) and
imaginary (upper plots) part of the QNM frequencies of the h++-perturbation around a
large black hole as a function of the parameter j. This parameter is defined for large
black holes where ω → αν and J → αj as α → ∞. Due to this limit on the level of
the fluctuation equation for h++, this is case (ii). Modes displayed here were found with
precision of at least dν = ν10−5. Missing modes did not converge to sufficient precision
and have been filtered out by the numerical routine.
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Figure 4: Comparison of the QNMs of tensor perturbations hxy vs. h++. The QNMs of
hxy (case (iii)) are shown as squares, those of h++ (case (ii)) as circles. At a = 0 (left), the
QNMs are identical. For a 6= 0 (right), the QNMs are not equal.
sumption that j is equivalent to the linear momentum k, the quantity c(k)→ c(j), defined
in [72, 73], satisfies the predicted behavior at large values of j. Our numerical results imply
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Figure 5: Large j (eikonal limit) analysis. Shown here are the quantities Abs(c) and
Arg(c)/(−pi/3), , where c :=
((
ν
j
)
− sign
(
Re
(
ν
j
)))
(2j)4/3, derived from the QNMs of
h++ after the limit Eq. (3.1). The dashed lines are the expected values according to [72, 73].
For large j, the values at a = 0 (circles) and a = 0.5 (triangles) in the right plot converge
to the predicted ones. In the left plot, the same is true for the case a = 0 (circles). At
a 6= 0 (triangles), however, we discover a new feature. The large j values shift depending
on a.
the following large-j expansion for the nth mode: 2ν = 2j+cne
−i(pi/3)(2j)−1/3 +O((2j)−1),
where the conjugate frequencies −2ν∗ = −2j + cne−i(2pi/3)(2j)−1/3 are also included in our
analysis. The cn are real numbers in agreement with [73]. To relate to [73], the following
identifications are needed: ωF ≡ 2ν and qF ≡ 2j. Subscripts “F” indicate the Fuini et al.
quantities [73]. For large j, the values at a = 0 (circles) and a = 0.5 (triangles) in the
right plot converge to the predicted ones. In the left plot, however, the values of Abs(c) for
large j approach shifted values if a 6= 0. These observations are the basis for the following
hypothesis
In the large black hole limit (3.1), the parameter j, measuring the angular
momentum of the perturbation, is the Wigner representation analog of
the Fourier representation momentum k. The perturbation h++ is the
simply spinning black hole analog of the hxy perturbation around a black
brane. This analogy can be extended to all other perturbations.
(H.I)
In the following sections, we test this hypothesis. For example, in Sec. 4, we analytically
derive that under the large black hole limit (3.1), the h++ equation turns into the equation
of a minimally coupled massless scalar, which agrees at a = 0 with the hxy equation on the
Schwarzschild black brane [75].
3.1.2 Momentum diffusion
In analogy to Fig. 2, in Fig. 6, we show the QNMs of the vector fluctuations h3+, ht+
in the complex frequency plane as a function of the Wigner function parameter J . As
a reminder, this is case (i) defined in Sec. 2. It is obvious that there is one mode which
satisfies the condition ω(J ) → 0, as J is decreased in integer steps from 100 down to 0.
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Figure 6: Vector sector QNMs. The QNMs of h3+ and ht+ (and h++) at K = J + 1
for r+ = 100 at J = 0, 5, 10, 20, . . . , 100, where the star indicates the value at J = 0, the
circled cross indicates J = 100. This is case (i).
This condition resembles the standard condition for hydrodynamic modes, lim
k→0
ω(k) = 0,
with spatial momentum k. Hence, we refer to this mode as a hydrodynamic mode.
Our goal is to analyze this mode in large black holes. Again, in order to examine only
the QNMs of large black holes, we scale the frequency ω, the Wigner-parameter J and the
black hole radius r+ as α is taken to ∞, according to Eq. (3.1), which leaves us in case
(ii) again. Now we define a mode as a hydrodynamic mode in terms of j, if it satisfies the
condition
lim
j→0
ν(j) = 0 . (3.2)
Fig. 7 shows the real and imaginary part of this hydrodynamic mode. At small j  1,
the imaginary part displays a quadratic dependence on j for all values of a ∈ [0, 1]. The
real part of this hydrodynamic mode shows qualitatively distinct behavior depending on
a. At a = 0 it has Re ν = 0, but at a 6= 0 it has Re ν 6= 0.
The quadratic behavior of Im ν is reminiscent of the momentum diffusion mode in the
vector channel of black branes, where the QNM frequency obeys ω = −ik2D+O(k4) [70, 75].
Hence, we refer to this QNM in (ht+, h3+) as momentum diffusion mode. With this in mind,
we fit our data to the ansatz ν = v||j − D||j2, in the range j = 0, ..., 0.1. Then, D|| is of
order 1 and is displayed as a function of the angular momentum parameter a in Fig. 8.
Note that at a = 0 the black brane value DPSS = D||(a = 0)/(2piT ) = 1/(4piT0) is recovered
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(r+ = 1 was chosen, such that T = 1/pi), where the subscript “0” indicates a = 0.
9 In
that case, it is well-known that the momentum diffusion coefficient is related to the shear
viscosity by DPSS = D||(a = 0)/(2piT ) = η0/(0 + P0). Below, in Sec. 4, we will generalize
this relation to the rotating case a 6= 0.
Remarkably, this momentum diffusion mode turns into a propagating mode at a 6=
0. Our fit yields a nonzero v||, which we interpret as the speed with which this mode
propagates. Fitting our numerical results, we conjecture the momentum diffusion mode
turns into a propagating mode with velocity and damping coefficient analytically given by
ν = v||j −D||j2 , (3.3)
v|| = a , (3.4)
D|| =
1
2
(1− a2)3/2 . (3.5)
Note that this mode can be viewed as a non-propagating diffusion mode when defining the
frequency ν¯ = ν − ja, which is also discussed as the natural choice of frequency in [68].10
Then, we obtain the diffusion mode as a function of the angular momentum parameter a
with
ν¯ = v¯||j −D||j2 , (3.6)
v¯|| = 0 , (3.7)
D|| =
1
2
(1− a2)3/2 . (3.8)
In [68], the definition of ν¯ is part of a coordinate system in which the AdS-boundary is not
rotating. In our coordinates, our background is already non-rotating at the AdS-boundary.
Instead, here the perturbations appear to be rotating at the AdS-boundary. Hence, we
adopt this definition of ν¯ simply in order to define a frequency and time coordinate in
which the momentum diffusion mode is non-propagating.
Under two assumptions the dispersion relation given in Eq. (3.3) can be related to
that of a fluid at rest. Such a relation was found for a fluid moving with linear velocity
v0 [18, 19]
11
ω = v0 · k− iD
√
1− v20(k2 − (v0 · k)2) +O(k3) , (3.9)
if the fluid at rest has a diffusion mode ω = −iDk2 + O(k3). First, we have to assume
that Eq. (3.9) can be generalized from a linear fluid velocity, v0 to an angular fluid velocity
w. Then, identify a as the only nonzero element of that angular fluid velocity, replacing
v0 → w = (0, 0, v0 = a). Second, we assume w is aligned with k→ (0, 0, 2piT j).12 Finally,
ω → 2piT ν. Then indeed our dispersion relation Eq. (3.3) is given by Eq. (3.9).
9 The subscript “PSS” refers to the quantities defined in [75]. Note that the ωPSS = 2piTνL and
qPSS = 2piTjL.
10If we consider a as a “chemical potential for rotation”, this shift is reminiscent of the frequency shift
due to an isospin chemical potential [76, 77].
11See also [78].
12Like the original Wigner parameter J , also j is describing a perturbation with angular momentum in
the 3-direction.
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Figure 7: Vector sector dispersion relations. Displayed here are the real and imaginary
parts of quasinormal frequencies of h3+ and ht+ for large black holes in case (ii) as a
function of j. Modes displayed here were found with precision of at least dν = ν10−5.
Missing modes did not converge to sufficient precision and have been filtered out by the
numerical routine. For a complementary view, these QNMs are shown in the complex
frequency plane in Fig. 16.
Notably, in our case, the fluid is rotating not translating. We stress that this makes
our results in cases (i) and (ii) different from a boosted black brane, case (iii). As an
example, the diffusion coefficient for a boosted black brane is different from that of our
large rotating black hole, see Fig. 12.
3.1.3 Sound propagation
In the scalar perturbation sector, we find two hydrodynamic modes, as shown in Fig. 9.
In analogy to the scalar sector of black branes [70, 79], we call them sound modes. At
vanishing rotation, a = 0, and in the regime j ≤ 1, the real part of both QNMs increases
approximately linearly with j, while the imaginary part increases approximately quadrati-
cally with j. Motivated by these observations, we fit these two scalar hydrodynamic modes
to the ansatz ν = vsj − iΓk2 in the range j = 0, ..., 0.1. At a = 0, we find a real-valued
vs ≈ ±1/
√
3, as expected for a speed of sound in a conformal field theory. We also obtain
Γ 6= 0 with Γ ≈ 1/3. Moving to nonzero angular momentum, a > 0, we observe that the
two speeds of sound with initial values ±1/√3 change differently with a, as seen in Fig. 10.
With increasing angular momentum, both speeds increase. Around a ≈ 1/√3, this causes
the formerly negative speed to vanish and then grow further. Near extremality a → 1,
both speeds are asymptotic to the speed of light vs,± → 1.
Similarly, in Fig. 10 there are two distinct sound attenuation coefficients, Γ±. At
a = 0, they start with the same value, at a > 0 one increases, the other decreases. While
Γ+ assumes a maximum around a ≈ 1/
√
3, Γ− has no extremum. Near extremality, a→ 1,
both approach zero, Γ± → 0. However, while Γ− smoothly asymptotes to zero, i.e. its
slope is going to zero, Γ+ approaches zero with a non-vanishing slope. The same behavior
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Figure 8: Momentum diffusion and propagation in a simply spinning black hole (case
(ii)). The diffusion/damping coefficient, D, and propagation speed, v , defined as expansion
coefficients of the hydrodynamic vector mode, ν ≈ v||(a)j− iD||(a)j2. With a χ2 ≈ 10−100,
our fit suggests v||,fit = a and D||,fit(a) = 12(1− a2)3/2 with χ2 ≈ 10−100.
is observed in vs,± as they approach extremality.
Similar to the momentum diffusion dispersion above, we also find analytic expressions
for the sound modes here fitting to our numerical data
ν = vs,±j − iΓs,±j2 , (3.10)
vs,± =
a± 1√
3
1± a√
3
, (3.11)
Γs,± =
1
3
(
1− a2)3/2(
1± a√
3
)3 , (3.12)
such that Γ0 := Γs|a=0 = 1/3. Under the same two assumptions we stated for the mo-
mentum diffusion dispersion relation above, we now compare Eq. (3.10) with the sound
dispersion relation for a moving fluid [18, 19], which is given by
ω =
v0 ± vs
1± v0vsk −
i
2
Γ0
(1− v20)3/2
(1± v0vs)3k
2 +O(k3) , for k||v0 , (3.13)
if the fluid at rest has two sound modes ω = ±vsk − ik2γ0 +O(k3). Here we have defined
γ0 = γs/(2(0 + P0)). Now identify v0 → a, ω → 2piT ν and k → 2piT j and we obtain
Eq. (3.10).
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Figure 9: Scalar QNMs of the simply spinning black hole. There are two hydrodynamic
modes, which we identify as sounds modes, which mirror each other regarding their real
part at a = 0, and both have the same imaginary part. At a = 0 these two modes behave
differently. Modes displayed here were found with precision of at least dν = ν10−5. Missing
modes did not converge to sufficient precision and have been filtered out by the numerical
routine.
In the case a = 0 it is well-know that Γ is related to η by [79]13
Γ0 = 2
ζ0 + 4η0/3
2(0 + P0)
conformal
= 2
2η0
3(0 + P0)
, (3.14)
where the bulk viscosity ζ = 0 in conformal field theories. We will generalize this relation
to the rotating case a 6= 0 below.
3.2 QNMs of planar limit black brane
For comparison, we now consider the planar limit black brane, case (iii). Fig. 11 shows
examples for the QNMs in all sectors (tensor, vector, scalar). Clearly, the nonzero angular
momentum a affects the QNM spectra. Most prominently, there is no mirror symmetry
about the vertical (imaginary frequency) axis as was the case at a = 0. The angular
momentum breaks parity and separates modes into those which are rotating with and
those rotating against the black hole / fluid.
As we had seen in Fig. 4, the QNMs of the planar limit black brane agree with those
of the simply spinning black hole at a = 0, but differ at a 6= 0. This difference shows itself
more drastically in the momentum diffusion (vector) channel. The longitudinal momentum
diffusion coefficient of the planar black brane (case (iii)) is compared to that of the simply
spinning black hole (case (ii)) in Fig. 12. Around a ≈ 0.8, the the momentum diffusion
coefficient becomes negative. This indicates that the corresponding QNM acquires a posi-
tive imaginary part, leading to exponential growth, i.e. signaling an instability. The simply
13There is an overall factor of 2 compared to the conventions of Policastro, Son, and Starinets (PSS) [79],
because our dimensionless j = k/(2piT ), such that our Γ0 = 2ΓPSS.
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Figure 10: Sound propagation in a simply spinning black hole. Speed of sound, vs, and
sound attenuation, Γ, shown as a function of the angular momentum parameter a of the
rotating black hole. There are two speeds of sound, vs,±, and attenuations, Γ±, which are
defined through the small j expansion ν(j) = vs,±(a)j − Γ±(a)j2 +O(j3). The fits found
show that vs,±,fit =
a± 1√
3
1± a√
3
with χ2 ≈ 10−100 and Γs,±,fit = 13
(1−a2)3/2(
a√
3
±1
)3 with χ2 ≈ 10−100.
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Figure 11: Planar limit black brane QNMs (case (iii)). The planar brane QNMs are
displayed in the complex frequency plane for a = 0.5. All the sectors are represented from
left to right: tensor, vector, scalar. The linear momentum coers the range 0 < k < 5,
indicated by the color (red to violet). The units are chosen such that rh = L = 1.
spinning black hole, however, remains stable throughout the whole range of a from zero to
extremality.
Despite the h++ QNMs being different from the hxy QNMs, we will show below that
both of the shear viscosities extracted from the planar limit black brane do agree with the
spinning black hole values for all a.
4 Results II: Shear viscosities
4.1 Longitudinal shear viscosity of spinning black hole
In this section, we compute the correlators in the vector channel, i.e. 〈T+3T+3〉, 〈T+3T+t〉,
〈T+tT+3〉, 〈T+tT+t〉. For the black brane, this would be the momentum diffusion sector,
from which one could extract a shear viscosity and a momentum diffusion constant. Fol-
lowing our hypothesis (H.1), we now attempt to extract these hydrodynamic quantities
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Figure 12: Momentum diffusion in a simply spinning black hole versus the planar limit
black brane. Displayed is the diffusion coefficient D|| extracted in the momentum diffusion
(vector perturbation) sector from the hydrodynamic QNM of the field h+3 (circles) of the
black hole. It is compared to the diffusion coefficient of the field hxy (dots) of the planar
limit black brane. The planar limit breaks down around a = 0.7, where the planar limit
black brane QNM acquires a positive imaginary part, rendering that planar limit black
brane unstable. The black hole however is stable throughout the whole regime from a = 0
to (near) extremality a ≈ 1.
from the analogous correlators of the black hole case. For this purpose, we follow the stan-
dard holographic procedure for computing correlation functions from coupled gravitational
fluctuation equations outlined in appendix A.2. Given previous Kubo relations derived or
simply used in anisotropic systems [16, 17, 23] we base our shear viscosity results in this
section on a second hypothesis:
We assume that at a 6= 0, but vanishing angular momentum of the per-
turbation, j = 0, the Kubo formulae for the two shear viscosities are not
changed by the angular momentum anisotropy, and η⊥ is related to the
tensor correlator 〈T++T++〉, while η|| is related to the vector correlator
〈T+3T+3〉 in analogy to [23].
(H.II)
We find that at j = 0 and to linear order in ν the energy-momentum tensor correlators in
this sector behave as follows
〈T+3T+3〉 = −iνη|| +O(ν2, j) , (4.1)
〈T+tT+3〉 = 0 +O(ν2, j) , (4.2)
〈T+3T+t〉 = 0 +O(ν2, j) , (4.3)
〈T+tT+t〉 = 0 +O(ν2, j) , (4.4)
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This is reminiscent of the correlation functions from [75], 〈Tx3Tx3〉 ∝ ω2, 〈Tx3Ttx〉 ∝ ωk,
〈TtxTtx〉 ∝ k2, in the case k = 0. Here we have chosen the notation from [75], where ω and
k are the frequency and momentum in z-direction (which is equal to z in our notation),
associated with the Fourier transform ∝ e−iωt+ikz. Summarizing this point, we find that
in the hydrodynamic limit ν  1 and at j = 0 the correlators of the spinning black hole
behave as if j was analogous to the spatial momentum k in the planar case.
Now we test our hypothesis (H.1), interpreting the parameter j as the Wigner repre-
sentation analog of the Fourier representation momentum k. Applying the standard Kubo
formula to our two-point function under this assumption, we obtain what we will, in anal-
ogy to [75], suggestively refer to as the longitudinal shear viscosity of the rotating black
hole
η|| = lim
ν→0
〈T+3T+3〉(ω, j = 0)
−iν . (4.5)
In our anisotropic system, this longitudinal shear viscosity η|| is distinct from the transverse
shear viscosity η⊥, in analogy to the anisotropic system studied in [23]. We were unable to
obtain an analytic solution for this correlator, but fitting the numerical data we conjecture
the following closed form
η|| =
N2piT 30
8
√
1− a2 = N
2piT (a)3
8(1− a2) . (4.6)
Dividing by the entropy density, we obtain
η||
s
=
1
4pi
(1− a2) . (4.7)
Similar to other cases with anisotropies [13, 17, 22, 23], this longitudinal shear viscosity
over entropy density ratio does not evaluate to 1/(4pi) for all a 6= 0. And there is no reason
for that. It is true that for Einstein gravity in a state which is thermal and symmetric under
O(3) rotations in the spatial boundary (x, y, z)-directions, we always get η/s = 1/(4pi) in
the large N limit, as proven in [80–82]. However, these universality proofs do not apply
to states in which the O(3) rotation symmetry is broken. For example, [80] assumes that
the energy momentum tensor components satisfy Ttt+Txx = 0. However, in a system with
rotation symmetry broken from O(3) down to O(2), e.g. a rotating black hole, there are
two distinct T|| = Tzz 6= T⊥ = Txx. Hence, the relation above can only be satisfied for one
of the directions, either for T|| or for T⊥. This is why only one of the shear viscosities has
to saturate the bound η⊥/s = 1/(4pi), while the other, η||, may violate the bound.
A complementary point of view is that the equation of motion for a given metric
perturbation, e.g. hxz, determines the value of the shear viscosity, e.g. ηxzxz. If that
fluctuation transforms as a tensor under O(3) rotations, then it decouples from all other
fluctuations and satisfies the equation of motion of a massless scalar. However, if rotation
symmetry in the (x, z)-plane is broken, e.g. by an angular momentum in z-direction, then
the fluctuation hxz transforms like a vector under the remaining O(2) symmetry, and hence
couples to the other vector perturbations. This modifies the solution for hxz and changes
the value of ηxzxz compared to ηxyxy.
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It turns out that we can relate this shear viscosity to the momentum diffusion coefficient
computed in Sec. 3.1.2. The diffusion coefficient at a = 0 is given by [75]
DPSS = η0
0 + P0
=
η0
s0
1
T0
=
1
4pi
1
T0
, (4.8)
where the subscripts “0” indicate that these quantities are evaluated in a non-rotating
state, a = 0. Here we have used 0 +P0 = s0T0. At nonzero a, however, the latter relation
as well as η are modified.
D||(a) = 2piT0
η0
0 + P0
(
1− a2)3/2 , (4.9)
In order to generalize Eq. (4.8) to nonzero angular momentum, we note that numerically
+ P⊥ = s0T0L1−a2/L2 . Hence, we conjecture the following analytic generalization
D||(a) = 2piT0
η||(a)
(a) + P⊥(a)
= 2piT0
η0
0 + P0
(
1− a2)3/2 , (4.10)
which is reminiscent of the relation found for an anisotropic plasma in [23].
We can also cross-check our shear viscosities with the sound attenuation parameter Γ,
extracted from the sound propagation sector. Based again on our numerical data, we con-
jecture the following generalization of the well-known relation (3.14) to the relation between
sound attenuation and shear viscosity in a system with angular momentum parameter a
Γ±(a) =
2η||(a)
3((a) + P⊥(a))
1
(1± a/√3)3 , (4.11)
where ζ(a) = 0 for our conformal field theory and we can not include it in this relation.
4.2 Transverse shear viscosity of spinning black hole
Later in this section, we will provide values for the quasinormal modes of tensor perturba-
tions of the simply spinning black hole. These values will be computed numerically because
in general the fluctuation equations are too complicated for an analytic treatment. Before
going down that dark and perilous path losing analytic control, however, we begin here
deriving some exact results.
Analytic results The equation of motion for h++ decouples from all others if the
Wigner-parameters satisfy the relation K = J + 2. This is reminiscent of the tensor
(helicity-2 under spatial O(3)-rotations) fluctuation in the planar case, which is also re-
ferred to as “scalar”, because it satisfies the equation of a massless scalar in the respective
spacetime, e.g. AdS Schwarzschild.
Let us begin our considerations at vanishing angular momentum, a = 0, i.e. in global
Schwarzschild AdS5. After a Fourier transform of the time-coordinate the equation of
motion for h++ given in Eq. (2.32) reduces to
h++
′′(z) +
(− (2z2 + 1) z2 + 2iωz − 3)
z (−2z2 − 1) (z2 − 1) h++
′(z)− 4(J + 1)(J + 2)z + 3iω
z (−2z2 − 1) (z2 − 1) h++(z) . (4.12)
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Figure 13: Longitudinal and transverse shear viscosities of the simply spinning black hole.
η⊥ and η|| extracted from numerics are shown as a function of the normalized angular
momentum, a, of the fluid / black hole. The shear viscosities of the spinning planar limit
black brane are coindicent with those shown (shown analytically for η⊥, numerically shown
for η||).
Here we have defined the dimensionless radial AdS coordinate z = r+/r.
14 Compared to the
tensor equation of a black brane this equation contains extra terms due to the extra term
“+1” in the blackening factor in Eq. (2.2). An attempt to solve this equation analytically
in a hydrodynamic approximation, at J = 0 order by order in ω following [75], failed.
Hence, we now consider the large black hole limit of the original equation of mo-
tion (2.32) for the h++-fluctuation around the rotating 5DMPAdS black hole (2.1). With-
out any limits, we can numerically solve Eq. (2.32) using the standard spectral methods
technique discussed in Appendix A. The discussion of these numerical results is postponed
to the end of this section. Before that, we now gain some analytic insight. The equation
of motion (2.32) for h++, is yet more complicated than Eq. (4.12), which we already failed
to solve analytically. Now the coefficients of h′++(z) and h++(z) involve square roots of a
and multiple odd as well as even powers of a. This seems like a yet more daunting task.
However, proceeding fearlessly, we will realize that this equation can be rewritten in a
simple and familiar form, namely as the equation of motion obeyed by a massless scalar.
Now we transform the full equation of motion (2.32) so that we arrive in the large
14This radial z-coordinate is not to be confused with the spatial z-coordinate used as the third spatial
direction in the planar / black brane cases.
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black hole case (ii), as defined in Sec. 2. Just like above, we apply the scaling Eq. (3.1).
In order to analytically relate our equation of motion to known results from [75], we also
perform a transformation to the coordinate u = z2. This puts the h++-equation into the
form of a massless scalar in AdS5-Schwarzschild background known from [75]
w2 − (1− u2) q2
u (1− u2)2 Φ(u)−
(
u2 + 1
)
u(1− u2)Φ
′(u) + Φ′′(u) = 0 , (4.13)
with a non-trivial definition of angular momentum dependent parameters
q2 :=
L2(aν − j)2
(L2 − a2) ,
w2 :=
(
L2ν − aj)2
(L2 − a2) =
(
L2ν¯
)2
(L2 − a2) ,
Φ(u) := h++(u) ,
f := (1− u2) ,
ν¯ := ν − aj/L2 ,
(4.14)
where ν¯ is a convenient frequency to work with since it represents the frequency of our
modes in a co-rotating frame at the boundary. According to Eq. (3.1), w and q each scale
like 1/α so they are small in the large black hole limit we have taken, i.e. w, q 1. Since
the analytic solution to this equation in the hydrodynamic limit, w, q  1, is known, we
can solve it directly by comparing with [75] to obtain the shear correlator at j = 0 (which
implies ν¯ = ν)
〈T++T++〉(ν, j = 0) = −i(2ν)N
2pi2T 4
8
1√
1− a2 = −iωPSS
N2piT 3
8
1√
1− a2 , (4.15)
where we have defined the dimensionless ν in terms of the frequency, ωPSS = 2piTνL, and
qPSS = 2piTjL, appearing in [75].
15 We have checked this correlator numerically and find
excellent agreement with our analytic result in Eq. (4.15). A comparison is shown in Fig. 14.
In the non-rotating limit, Eq. (4.15) reduces to the off-diagonal correlator 〈T xyT xy〉 in the
tensor sector from [75]. This shows that at least in the non-rotating limit, the ++-sector
reduces to the xy-sector. Both of these sectors decouple from all other sectors. All of
these observations give further support for treating h++ as the analog of hxy, and both
may be called tensor perturbations. We note that it is possible to apply these same steps
to the vector equations of motion. This yields a set of equations which we report in the
appendix, Eq. (C.6), which resembles the vector equations for a Schwarzschild black brane
given in [75]. However, there are additional terms, which we were not able to get rid of.
This hints at the limit Eq. (3.1) being non trivial.
Instead of the limit, case (ii), we just imposed on the equation of motion, there is
another option for taking the large black hole limit, as we already know, leading to the
planar limit black brane case (iii). In order to reach the latter, one could have taken
15Here, the horizon has been fixed to r+ = 1 and L has been scaled out through the scaling symmetry in
the system.
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the large horizon limit according to (D.2) and (D.1) on the level of the metric, which
we discussed in Sec. 2.1.3 referring to it as the planar limit of the black hole. This has
the disadvantage of reducing the geometry to simply being a black brane that has been
boosted, as shown in Sec. 2.1.3. Thus, we would lose the properties of rotation.
Instead, with the goal of preserving the nontrivial aspects of rotating 5DMPAdS per-
turbations at large temperatures, we have just scaled the linear h++ equation of motion
in 5DMPAdS, Eq. (2.32), directly, leading to the large black hole case (ii). From that, we
obtained the analytic solution for the correlator (4.15). From this, we can define a trans-
port coefficient η++ in analogy to the shear viscosity η. We refer to this as the transverse
shear viscosity of the spinning black hole
η⊥(a) =
N2piT 30
8
1√
1− a2 =
N2piT (a)3
8
1
(1− a2)2 . (4.16)
Divided by the entropy density, this gives the ratio
η⊥
s
=
1
4pi
, (4.17)
which is the value expected from the general proof for shear modes which satisfy the
equation of a massless scalar in Einstein gravity [80–83]. This is in agreement with the
transverse shear viscosity ratios from the anisotropic Maxwell-dilaton system [23], the p-
wave superfluid [13], and with the shear viscosity transverse to a strong magnetic field [17,
22].
In analogy to the longitudinal relation between a shear viscosity and a particular
diffusion coefficient, given in Eq. (4.10), there should be a diffusion coefficient associated
with this transverse shear viscosity η⊥. In [23] the relevant perturbation is given by the
sector containing hyz but the momentum has to be chosen perpendicular to the anisotropy,
which is the y-direction in [23]. However, in our setup, we are not sure how to make such
a choice. Hence, this is left for future investigation.
4.3 Viscosities of planar limit black brane
The transverse shear viscosity of the planar limit black brane can be calculated analytically,
while for the longitudinal shear viscosity we obtain a numerical result. Both shear viscosi-
ties are identical to the shear viscosities of the simply spinning black hole as a function of
the angular momentum parameter a.
First, we analytically compute the transverse shear viscosity of the planar limit black
brane. On the planar limit black brane, the helicity-2 perturbation equation (2.32) can be
solved analytically in the hydrodynamic regime following [75]. Setting the momentum to
zero for simplicity, we choose the expansion16
hxy = h
(0)
xy + ωh
(1)
xy +O(ω2) , (4.18)
Plugging Eq. (4.18) into the equation of motion for hxy (derived from Eq. (2.30) in the
planer limit black brane background metric Eq. (D.3)), we obtain two equations of motion,
16Here we note that in Eddington-Finkelstein (EF) coordinates we do not need to factor out a singular
contribution as in [75], because the ingoing modes are regular at the horizon in ingoing EF coordinates.
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one at zeroth order in ω, the other at linear order in ω. Solving order by order in ω, the
resulting solution is valid for all values of the radial coordinate z. This solution expanded
near the boundary, z = 0, yields
hxy = C0 − iC0L
2ωz
r+
+
iC0L
3ωz4
4r+
√
L2 − a2 +O
(
z5, ω2, k
)
. (4.19)
The vacuum expectation value of the shear tensor component is given by the coefficient of
the fourth order term. Varying this with respect to the source, C0, of that same operator
gives the correlation function
〈T xyT xy〉 = iωN
2piT 30
8
1√
1− a2 +O(ω
2) . (4.20)
From this, the shear viscosity as a function of the angular momentum parameter, a, can
be derived with the Kubo formula
ηbb⊥ (a) = lim
ω→0
〈T xyT xy〉
iω
=
N2piT 30
8
1√
1− a2 . (4.21)
This is the transverse shear viscosity of the planar limit black brane, i.e. the shear viscosity
of the black brane, Eq. (D.3), in case (iii) resulting from the planar limit of the simply
spinning black hole. Hence, we have shown analytically, that the transverse viscosities
of the rotating planar limit black brane and the simply spinning black hole are identical,
i.e. ηbb⊥ = η⊥ for all −1 ≤ a ≤ 1. It is reassuring that the shear viscosity in this limit
agrees with the one from taking the large black hole limit at the level of the fluctuation
equation, Eq. (4.16). This also strengthens our hypothesis (H.1) to consider h++ as the
spinning black hole analog of a black brane tensor perturbation, hxy. The longitudinal
shear viscosity of the planar limit black brane is computed numerically according to the
standard Kubo formula
ηbb|| = limω→0
〈TxzTxz〉(ω, k = 0)
−iω . (4.22)
We find that this result coincides (within numerical accuracy) with that of the spinning
black hole, i.e. ηbb|| = η|| over the whole range of a which we tested.
5 Discussion
We have analyzed a gravitational setup holographically dual to a spinning fluid, namely
spinning black holes. We have computed the quasinormal modes (QNMs) of these large
(r+  L) five-dimensional Myers-Perry black holes as a function of the angular momentum
parameter −L ≤ a ≤ L in three distinct cases: choosing large numerical values of r+ =
100 (i), performing a strict large horizon limit on the equations of motion (ii), or performing
a planar limit on the geometry yielding a black brane (iii). Here, |a| = L = 1 is the
extremal value at which the temperature T = 0, and the black hole becomes unstable due
to superradiance. Our analysis shows that these black holes in the strict large horizon
limit (ii) are stable for all values of a < L against all metric perturbations of the AdS5.
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The spinning black brane (iii) becomes unstable at sufficiently large angular momentum
a ≈ 0.75L, see Fig. 12.
The angular momentum breaks parity symmetry. Therefore, perturbations and ob-
servables split into two groups, namely odd and even under parity. This manifests in
the QNMs becoming asymmetric about the imaginary frequency axis, i.e. the symmetry
νQNM = −νQNM∗ is broken at a 6= 0. Example plots are shown in Fig. 2 for tensor QNMs,
Fig. 6 for vector QNMs of the simply spinning black hole as a function of the perturba-
tion’s angular momentum parameter J . We have established that this parameter J and
its large black hole analog j defined in Eq. (3.1) are the rotational analogs of the usual
spatial Fourier momentum of perturbations on planar black branes. We have tested this
statement using the eikonal limit (large j), and comparing the dispersion relations of QNM
frequencies ν(j) in the hydrodynamic limit ν, j  T to those known for the black brane.
Rotating black holes have some properties in common with the charged Reissner-Nortstro¨m
black holes. There is an extremal angular momentum at which the temperature vanishes,
just like there is an extremal charge. We observe similarities to the QNMs of RN black
branes [71] as well. For example, a set of purely imaginary modes enters the system in
tensor and vector sector when increasing a from zero towards extremality as seen in Fig. 2
and Fig. 6. This was also the case for tensor and vector QNMs in [71].
Our focus in this work has been this hydrodynamic regime, i.e. the lowest QNMs. We
have also shown selected results for the non-hydrodynamic quasinormal modes, but those
will be discussed in more detail elsewhere [84]. We find that the modes separate into three
sectors which are analogous to the non-rotating sectors: tensor sector, momentum diffusion,
and sound propagation. At nonzero angular momentum, transport coefficients further split
into the ones which measure transport along the angular momentum (longitudinal) and
the ones measuring transport perpendicular to it (transverse). The following generalized
relations are found for the two shear viscosities, η⊥ and η||, the longitudinal diffusion
coefficient, D||, which turns into a damping of a mode now propagating with v||, two
modified speeds of sound vs,± and two sound attenuation coefficients Γ±:
η⊥(a) = η0
1√
1− a2 , (5.1)
η||(a) = η0
√
1− a2 , (5.2)
v|| = a , (5.3)
D|| = D0(1− a2)3/2 , (5.4)
vs,± = vs,0
√
3a± 1
1± a√
3
, (5.5)
Γs,± = Γ0
(
1− a2)3/2(
1± a√
3
)3 , (5.6)
where for the holographic model the quantities at vanishing angular momentum, a = 0,
are: η0 = N
2piT 30 /8, D0 = 1/2, vs,0 = 1/
√
3, and Γ0 = 1/3 . These quantities are related
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to each other by generalizations of their a = 0 relations
D||(a) = 2piT0
η||(a)
(a) + P⊥(a)
, (5.7)
Γ±(a) =
2η||(a)
3((a) + P⊥(a))
1
(1± a/√3)3 . (5.8)
and the bulk viscosity ζ(a) = 0 in our model, so we can not make any statement about
it. Note that all quantities depend on the angular momentum, with the values given right
above (except for the arbitrary normalization constant (2piT0)). Of the two pressures in
the system, the perpendicular one, P⊥ is relevant for the relations between the parallel
shear viscosity and diffusion coefficient, in analogy to [23]. On top of that, we find that
also the two sound attenuations depend on P⊥ and on an additional factor 1/(1± a/
√
3)3,
distinguishing Γ+ from Γ−.
The ratio of shear viscosity over entropy density varies between zero and 1/(4pi) de-
pending on the direction with respect to the angular momentum in the fluid / black hole.
We have computed and displayed the two limiting results, aligned with the angular momen-
tum Eq. (1.2) and transverse to the angular momentum Eq. (1.1), see also Fig. 1. Directions
in between these two cases can be parametrized by an angle, which is a generalization of
the relations found for a fluid moving linearly [18].
Our results for the hydrodynamic transport coefficients for momentum diffusion and
sound attenuation given in Eqs. (5.3), (5.4), (5.5), and (5.6), can be easily understood
in terms of reference frames. Consider a fluid at rest being boosted into a rotational
motion with angular momentum a. As a simple example, consider the diffusion mode
which becomes a propagating mode with v|| = a 6= 0. This velocity can be set to zero
again if we define the frequency ν¯ = ν − j a in a co-rotating frame, see Eq. (3.6) and [68].
Generalizing the result from [18] to angular motion, the momentum diffusion coefficient
D||, the associated velocity v||, as well as the sound velocities vs,± and attenuations Γ± in
a rotating fluid can be related to the transport coefficients of a fluid at rest (subscript “0”)
by
ν = a j − iD0
√
1− a2(2piT )j2(1− a2) +O(j3) , (diffusion) (5.9)
ν =
a± vs,0
1± avs,0 j −
i
2
Γ0
(1− a2)3/2
(1± a vs,0)3 (2piT )j
2 +O(k3) , (sound)
where the angular momentum of the perturbation with magnitude j is aligned with the
angular momentum of the fluid with magnitude a. These relations are motivated and
discussed below Eq. (3.9) and Eq. (3.13). We have demonstrated validity of these relations
by explicit calculation in our holographic model.
An obvious continuation of our work is to study the higher QNMs in more detail [84].
Another future task is to understand the shifted asymptotic behavior of QNMs in the large
momentum (eikonal) limit visualized in Fig. 5. It would be useful to understand if and
how the Wigner-D representations labeled by half-integer valued J in the large black hole
limit Eq. (3.1) can be written in a closed form as a function of the continuous angular
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momentum j. This can confirm hypothesis (H.I). This may help with a rigorous derivation
of Eq. (5.9) along [18]. Hypothesis (H.II) should be confirmed by an explicit derivation of
Kubo formulae for all transport coefficients from the hydrodynamic constitutive equations
for a rotating fluid in analogy to [17, 21, 85, 86]. The results can be cross-checked with a
holographic calculation in the setup we presented here. Finally, it would be a long term
goal to rigorously couple hydrodynamics of rotating fluid to spin degrees of freedom in
order to understand the hyperon polarization observed in heavy ion collisions [3], and po-
tentially other spin and spin transport effects in the QGP. Fluid/gravity approaches seem
most promising for this task, along [87], or extending [27]. An interesting complementary
view of rotating black holes would emerge if one considered the system at hand in the
extremal case a = 1 [88, 89]. Exact results may be obtained from Seiberg-Witten the-
ory [42], exact equations for diffusion coefficients and shear viscosities as functions of the
background metric components using the membrane paradigm could be investigated [81],
similar to [23], or using analytic considerations for the lowest QNMs [90]. Although in
this work we were not able to identify an appropriate perturbation, a transverse diffusion
coefficient D⊥, should be present in our system, associated with the transverse shear viscos-
ity. Rotating non-relativistic fluids would be interesting for condensed matter applications,
e.g. in the framework of a non-relativistic limit of the relativistic hydrodynamic formula-
tion [91, 92], or with the help of Horˇava gravity [74, 93]. Introducing time-dependence into
charged magnetic black branes far from equilibrium would provide a holographic model
of thermalization and transport including the major features of an evolving quark gluon
plasma [94–101].
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A Numerical methods
A.1 Quasinormal modes
We use a pseudospectral grid to discretize our equations of motion (see [102] for a deeper
dive) (see [103] for a similar numerical routine) where the perturbations are ingoing at
the horizon and obey a Dirichlet boundary condition at the conformal boundary. Al-
ternatively, one may start with the metric in Ingoing Eddington Finkelstein coordinates
where one only has to make sure that the perturbations obey the Dirichlet boundary
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condition at the conformal boundary. For purposes of illustrating the numerical method
used, we will assume the perturbation fields, ϕi(z), are regular functions of an inverted,
scaled radial coordinate,z = r+/r, that vanish at the conformal boundary (z = 0). In
general ϕi(z) are solutions to the set of second order ordinary differential equations,(
Aij∂
2
z +Bij∂z + Cij
)
ϕj = 0 where matrices are function of z valued. We may discretize
this equations by writing ϕi as (~ϕi)k = ϕ(zk)i where ~ϕi is a column vector where the
components are ~ϕi evaluated on the kth Chebyshev-Gauss-Lobatto gridpoint. Similarly we
write the components of A, D, and C as diagonal matrices where the k-k th component
of each of these matrices is evaluated on the kth gridpoint. The derivative are written
as matrices given by [102]. One then ends up with linear algebra problem, Av = 0. We
then write the problem with the dependence on ω explicitly express,
(∑N
n=0 ω
nA
)
v = 0.
Introducing the appropriate number of auxiliary fields, yi = ωyi+1 and v = ωy1, where
one has a block matrix matrix equation AV = ωBV. This is a general eigenvalue problem
where the eigenvalues are the quasinormal frequencies.
A.2 Holographic correlation functions
A proper discussion of holographic correlation functions can be found in [104, 105] and in
particular for coupled systems in [106, 107]. Here we summarize the concepts and steps in
the calculation. With the choice of appropriate divergent and non-divergent counter-terms,
a holographic correlation function can be written as
〈O1O2〉 = 〈O1〉
φ
(0)
2
, (A.1)
where the vacuum expectation value (vev) 〈O1〉 and source φ(0)2 can be extracted from
the near boundary expansion of the gravitational fields φ1 and φ2 which are dual to the
operators O2 and O2, respectively. For example, for components of operators with operator
dimension 4, such as the energy momentum tensor, the near boundary expansions are given
by this17
φ1 = φ
(0)
1 + · · ·+ z4〈O1〉+ . . . , (A.2)
φ2 = φ
(0)
2 + · · ·+ z4〈O2〉+ . . . . (A.3)
Note that in general the vevs depend on both sources if the operators mix, or equivalently if
the dual fields are coupled, i.e. we have 〈O1〉 = 〈O1〉(φ(0)1 , φ(0)2 ) and 〈O2〉 = 〈O2〉(φ(0)1 , φ(0)2 ).
So for the energy momentum tensor components this would read
h+3 = h
(0)
+3 + · · ·+ z4〈T+3〉(h(0)+3, h(0)+t ) + . . . , (A.4)
h+t = h
(0)
+t + · · ·+ z4〈T+t〉(h(0)+3, h(0)t3 ) + . . . . (A.5)
17When the two solutions (normalizable and non-normalizable) for one field differ by an integer, loga-
rithmic terms appear at the order in z which equals the operator dimension of the dual operator. Here we
do not display them for the sake of simplicity. However, we take logarithmic terms into account in all our
computations.
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Now we intend to only source one operator on the boundary in order to extract its correla-
tion function with itselve or with another operator. This is achieved by choice of boundary
conditions on the sources. For example, we compute 〈T+tT+t〉 = 〈T+t〉/h(0)+t from the solu-
tion to the coupled fluctuation equations with boundary conditions {h(0)+3 = 0, h(0)+t = 1}.
B Transformation from Hopf angle coordinates and relation to Hawk-
ing/Reall radial and time coordinates
In [7], a geometry identical to Eq. (2.1) was discussed in different coordinates, namely with
different time, th, radial, rh, and with the angular Hopf coordinates, (φ1h, φ2h, θh). In
order to relate to that formulation, we collect here the relations between these coordinates
and our coordinates, (th, rh, θh, φ1h, φ2h). The mass parameter, mh, is also a rescaled mass
parameter related to µ
t = th ,
r2 =
a2 + r2h
1− a2
L2
,
θ = 2θh ,
φ = φ1h − φ2h
ψ = − 2a
L2
th + φ1h + φ2h ,
µ =
mh
(L2 − a2)3 .
(B.1)
C Perturbation equations
In this paper we are concerned with the first order hydrodynamic and non-hydrodynamic
response behavior of the black hole and of the holographically dual fluid. We analyze the
three channels in 5D: shear (tensor), momentum diffusion (vector), and sound propagation
(scalar).18 Using (C.2) and (2.30), we present the perturbation construction in each channel
and respective equations of motion. For the sake of calculating QNFs and near horizon
behavior, we will use ingoing Eddington-Finkelstein coordinates where
dt = dv +
L2r2
√
a2
(
L2 + r2+
)− L2r2+√a2 (L2 + r2+) (r4 − r4+)− L2r4r2+
a2 (L2 + r2)
(
L2 + r2+
) (
r4 − r4+
)− L2r2r2+(r − r+)(r + r+) (L2 + r2 + r2+)dr
σ3 = σ˜3 +
2aL2r2r4+
(
L2 + r2+
)√
a2
(
L2 + r2+
)− L2r2+(
r2 − r2+
) (
a2 (L2 + r2)
(
L2 + r2+
) (
r2 + r2+
)− L2r2r2+ (L2 + r2 + r2+))√a2 (L2 + r2+) (r4 − r4+)− L2r4r2+dr .
(C.1)
We can define raising and lowering operators, W± := W1 ± iW2. Using (2.8), we can
express the action of W± and W3 on DJKM. We find
W+D
J
KM = i
√
(J +K)(J −K + 1)DJK−1 M
W−DJKM = −i
√
(J −K)(J +K + 1)DJK+1 M
W3D
J
KM = KDJKM
.
18Tensor, vector, and scalar are referring to how the perturbations transform under rotations.
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In terms of partials, ∂± and ∂3, we have the more useful expressions. We have
∂+D
J
KM =
√
(J +K)(J −K + 1)DJK−1 M
∂−DJKM = −
√
(J −K)(J +K + 1)DJK+1 M
∂3D
J
KM = −iKDJKM
where ∂± = e±µ∂µ and ∂3 = e3µ∂µ.
In the coordinates defined in (2.5), one can decompose the metric perturbations as19
h(K)µν =
∑
K
h(K)µν (x
λ) =
J+2∑
K=−(J+2)
h
(K)
ab σ
a
µσ
b
νD
J
K−Q(σa)−Q(σb) , (C.2)
where perturbations of different K charges and different (J ,M) decouple in (2.30). The
time dependence is represented as a complex exponential after a Fourier transformation,
as usual, h(t) =
∫
dωe−iωth(ω).
Shear Channel The shear mode is constructed by restricting the set of perturbations
such that K = J + 2 and reading off the perturbations from (C.2).
hTµν ≡ e−iωtr2h++(r)σ+µ σ+ν DJJM (C.3)
Since we restricted the set of modes to those that satisfy K = J + 2 only h++(r)
survives and it only obeys a single equation of motion. The time dependence represented
as a complex exponential from a Fourier transformation. From here and now on we will
suppress dependence of ω, J , and M.
Plugging in (2.31) into (2.30) we have the following equation of motion for h++:
0 =h′′++(r) +
(
L2
(
3r4 − 2µ (a2 + r2))+ 2a2µr2 + 5r6)
L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7 h
′
++(r)+
L2r2
(−4(J + 2) ((J + 1)r4 (L2 + r2)− 2µ (a2 (L2 + r2)+ (J + 1)L2r2))+ L2r2ω2 (2a2µ+ r4)− 8a(J + 2)µL2r2ω)
(L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6)2 h++(r)
. (C.4)
19Q(σa) :=

0 a = r, t, 3
1 a = +
−1 a = −
. Sum over a & b. This “twisted sum” guarantees
that sum over terms of different K charges. One can see that this is the case be-
cause W3(σ
a
µσ
b
νD
J
K−Q(σa)−Q(σb)) = (W3(σ
a
µ))σ
b
νD
J
K−Q(σa)−Q(σb) + σ
a
µ(W3(σ
b
µ))D
J
K−Q(σa)−Q(σb) +
σaµσ
b
ν(W3(D
J
K−Q(σa)−Q(σb))) = K σaµσbνDJK−Q(σa)−Q(σb).
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Momentum Diffusion Channel Plugging in (2.33) into (2.30) we have the following
equations of motion for (h+t,h+3,h++):
0 =h′′t+(r) +
L2
(
2a2µ− 10µr2 + 5r4)+ 2a2µr2 + 5r6
L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7 h
′
t+(r) +
8aµ
(
L2 + 2r2
)
L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7h
′
3+(r)+
L2
(−4L2 (4a4µ2 − 2a2µ2r2(aω − 2J ) + J µr6(aω − 2J − 4) + J (J + 2)r8)− 16a4µ2r2 − 4J (J + 2)r10)
(L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7)2 ht+(r)−
2i
√
2
√JL2r2ω
L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6h++(r)−
4L2
(−8a3µ2 (L2 + r2)− 2a2µr2ω (L2 (2µ+ r2)+ r4)+ aµr2 (L2r4ω2 − 4(J + 2) (L2 (r2 − 2µ)+ r4))+ J r6ω (L2 (r2 − 2µ)+ r4))
(L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7)2 h3+(r),
0 =h′′++(r) +
L2
(
3r4 − 2µ (a2 + r2))+ 2a2µr2 + 5r6
L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7 h
′
++(r)−
2i
√
2
√JL4r4 (2aµ(aω − 2J − 2) + r4ω)
(L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6)2 ht+(r)+
−4(J + 1)L2r2 (J r4 (L2 + r2)− 2µ (a2 (L2 + r2)+ JL2r2))+ L4r4ω2 (2a2µ+ r4)− 8a(J + 1)µL4r4ω
(L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6)2 h++(r)+
8i
√
2
√JL2r4 (aµL2ω + (J + 1) (L2 (r2 − 2µ)+ r4))
(L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6)2 h3+,
0 =h′′3+(r)−
4aµL2r
L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6h
′
t+(r) +
L2
(
6a2µ− 2µr2 + 3r4)+ 5r2 (2a2µ+ r4)
L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7 h
′
3+(r)−
L4
(J r4 − 2a2µ) (2aµ(aω − 2J − 2) + r4ω)
(L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6)2 ht+(r)−
2i
√
2
√J (J + 1)L2r2
L2 (2a2µ− 2µr2 + r4) + 2a2µr2 + r6h++(r)+
L4
(−32a4µ2 − 8a2µ2r2(aω − 2J − 6)− 16a2(J + 2)µr4 + 2µr6(−2J (aω − 4) + aω(aω − 4) + 8)− 8(J + 1)r8 + r10ω2)− 8L2r2 (2a2µ+ r4) (2a2µ+ (J + 1)r4)
(L2 (2a2µr − 2µr3 + r5) + 2a2µr3 + r7)2 h+3(r),
0 =h′3+(r)−
i
√J (L2 (2a2µ− 2µr2 + r4)+ 2a2µr2 + r6)√
2 (L2 (−2a2µ+ µr2(aω − 2J ) + J r4)− 2a2µr2 + J r6)h
′
++(r)−
L2r2
(
2aµ(aω − 2J − 2) + r4ω)
4 (L2 (−2a2µ+ µr2(aω − 2J ) + J r4)− 2a2µr2 + J r6)h
′
t+(r)+
4aµL2r
L2 (−2a2µ+ µr2(aω − 2J ) + J r4)− 2a2µr2 + J r6ht+(r)−
8a2µ
(
L2 + r2
)
L2 (−2a2µr + µr3(aω − 2J ) + J r5)− 2a2µr3 + J r7h3+(r) .
(C.5)
We have chosen the standard holographic radial gauge here so we only have three dynamical
equations and one constraint. For the special value of J = 0 the “++” component of the
Einstein equations decouples from this sector. This decoupling also occurs in the large
black hole limit, case (ii), for all values of j.
Sound channel We do not report the coupled scalar perturbation equations in this work
due to excessive length. We are happy to share these equations with the interested reader
upon request.
Large black hole limit of vector perturbation equations We perform the same
limiting procedure, Eq. (3.1), to the momentum diffusion channel as was applied to the
tensor equation of motion. We find the following
H ′t +
2(aw + fLq)
L(afq + Lw)
H ′3 = 0,
H ′′t −
fL2 − a2(u2 + 1)
fu (L2 − a2) H
′
t +
4au
f (L2 − a2)H
′
3−
2
L
(aw + fLq)
f2u (L2 − a2)
(
L
2
(aw + Lq)Ht + (aq + Lw)H3
)
= 0,
H ′′3 −
aL2u
f (L2 − a2)H
′
t −
L2
(
u2 + 1
)− a2f
fu (L2 − a2) H
′
3+
(aqf + Lw)
f2u (L2 − a2)
(
L
2
(aw + Lq)Ht + (aq + Lw)H3
)
= 0
(C.6)
where
H3(u) := −h+3(u)
Ht(u) := h+t(u) .
(C.7)
– 35 –
In this limit, the equation of motion for h++ in this vector sector is the the same as in
the tensor sector and decouples from the other vector fields, so we will not report it here.
Unlike Eq. (4.13), Eq. (C.6) can not be taken to the form of the nonrotating case due to
non-trivial terms that depend on u. Nevertheless, Eq. (C.6) does agree with [75] when
a = 0.
D Planar limit black brane
D.1 Limit of black hole metric
Here, we describe the steps which, starting with the black hole metric, Eq. (2.5), lead to
the boosted black brane metric, Eq. (2.27). First, the coordinate transformation where τ ,
r˜, x, y, and z are the new coordinates is given by
t = τ ,
L
2
(φ− pi) = x ,
L
2
tan (θ − pi/2) = y ,
L
2
(ψ − 2pi) = z ,
r = r˜ .
(D.1)
In a second step, we scale each of the coordinates with an appropriate power of a scaling
factor α
τ → α−1τ ,
x→ α−1x ,
y → α−1y ,
z → α−1z ,
r˜ → α r˜ ,
r+ → α r˜+ .
(D.2)
Finally, we take the limit α→∞. After that, we obtain a “rotating” black brane20,
ds2brane =
r˜2
L2
(
−dτ2 + d~x2 + r˜
4
+
r˜4 (1− a2/L2)
(
dτ +
a
L
dz
)2)
+
L2r˜2
r˜4 − r˜4+
dr˜2. (D.3)
However, we found that this brane metric is just a black brane that has been boosted about
the t-z plane.
τ =
L√
L2 − a2 t
′ +
a√
L2 − a2 (z)
′ ,
z =
a√
L2 − a2 t
′ +
L√
L2 − a2 (z)
′ ,
r˜ =r′ ,
x =(x)′ ,
y =(y)′ .
(D.4)
20d~x2 ≡ dx2 + dy2 + dz2.
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Figure 14: Numerical result for Im〈T++T++〉 displayed as a function of ν, where the
color encodes the values of a in the range 0 < a < 1. Red is the lower bound while purple
is the higher bound.
This metric is asymptotically flat, i.e. near the AdS-boundary, Eq. (D.3), is asymptotic to
conformally scaled Minkowski spacetime ds2brane ∼ r˜
2
L2
(ds2flat). Compare also the cylindri-
cally symmetric AdS black objects [108].
D.2 Linear planar limit black brane perturbations
Since there is ISO(2) symmetry in the (x− y) plane and translation symmetry (before the
boost Eq. (D.4)) in the τ and z directions we can construct the following perturbations of
Eq. (D.3)) as Eq. (2.29):
hbrane =
∫
dωdk r2hµν(ω, k; r)e
i(−ωτ+kz) , (D.5)
where we will suppress the ω and k dependence. Furthermore, we can take the radial gauge
where hµr = 0. Since O(2) ⊂ ISO(2) the perturbation’s components decouple in (2.30)
according to how they transform under O(2).
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